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A NOTE ON CNURACTDISTICS MOTC8 WI[C

VAIaS Trfim ICALLY 33 AN INM AL

by

Walter L. Suith

Some years aSo, in connection vith some unpublished vwoz In the

theory of queues., the question arose as to hetber the charateristic

function of a non-neotive zvA= variable could vanish Identically in

an Interval. The purpose of this note is to ihow that such a thing Is

lmpossible.

There are, of course, chacteristic fuwdtons hich vanish identi-

cally in intervals. Zn fact the probability density function

f(z) 2 s42 (x/2) -O<x<+*
Ex

Is associated with the cbracteristic function

S(9).l-II , 1 1 ,

0 , I l >,

vhich vanishes In semi- inflnte Intervals. This cbaracterlstic fuWation,

however, Is associated vith a distribution over both positive ad rep-

tive values. It is not clear vbt can be achieved for distributions

over positive values only, althoush the following easily proved theorm

gives some indications.

Theorem 1. if < 01 < 02 < < ... i an increasing sequence of

anles,, and if k1 , k2 , • ... Is a sequence of positive integers,

and if



2

00

nu kn

then theme is a non-necative mndcm variable ifhoee oaracteristic function

vanishes at Ol 02' 9 "9. the zero at % being X.-folA, for an n.

Proof. Let 1n be a random variable asuoclated with the prebability

denaity function

f.(). for 0 < x <- -
2 x

- 0 otherwise.

I . (kn )

like X , andv te Z. Xn +X n  +..+ .

(2) *(G) e n niQkns/on  min (x

and

(3) z n

(I)Var Z

purthaue , In view of (1)p the random variables I Zn are uniformly

bounded. Thus if Z1 , Z2 ... are pndependent, the series

8 - E Z

is almiost certainly conver~ento in virtue of the three series theorem and



(1), (3)p and (4i). The cbaracteristic function of S Is evidently

(5) 0Q) T *n (0)

where * n(0) is aiven in (2). Since 8 is non-netive and O(G) ob-

viously has a k n'fold zero at 9n' for &aU n, the theorem is proved.

We do not for a moment suppose that Theorem 1 Is the strongest

possible result of Its kind that can be proved. It mrel.y provides, as

we have said, scme indication of the distribution of zeros which can occur.

It would naturally be of Interest to obtain critical result., but we have

been unable to obtain such. Nevertheless the foflovina theorem shown that

the characteristic function of a non-ne~~tive randam variable bee sme

restriction on the location of its zeros.

Theorem 2. If O(N) is the characteristic function of a non-netive

random variable then O(o) camot vanish identic a in an interval.

Proof: - Let F(x) be the distribution function of the non-negative

random variable and write

(6) j(U + iv) - f ei(u+±v)x dY(x) ,
0

(7) '0(u +iv) . l(U +iv)

1 - i(u + IV)

Evidently 0 (u + iv) is reaular for v > 0 and,9 since If(u + iv)I 51

for v >0,



fI1 =,(u+ iV) 12 du

exists and is bounded for every positive v.

Thus, for v > 0, by Titchmarsh (1908, p. 125), we have, for z > O,

+0

(8) *() " f u du
U

there, In the present situation, it (u) is the ordinry limit an v 0- +

of 0 (u+ iv). Thus

* (u) ( U) 1-- f eilux dP (x)
I lu 1 lu

Nov suppose the characteristic function j(u) vanishes identically

in (a,b), a <b. Then (8) my bewevritten, for I z >O0

(9) ) 1+ f *(u) du

The richt side of (9) Is a regular function of z in the unw half-

plane. It is not hard to see that this regular function can be anlytically

continued, by a vell-know expansion method, through the seament (,b) on

the real axis into the lover half-plane. Tbus #(a) Is regular in an open

domin Abich contains a limit point of sero.. fTis Implies that *(s)

vanishes identically, and thus provides a contradiction. We my therefore

conclude that O(u) cannot vanish identically in an interval.

We point out that an alternative proof of Theorem 2 can be deduced from

a result of Bieberbach (1931 , p. 156) concerning functions analytic in

a circle.
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